Let H be an ultraspherical hypergroup associated to a locally compact group G and let A(H) be the Fourier algebra of H. For a left Banach A(H)-submodule
Introduction
Let G be a locally compact group and let A(G) and B(G) be the Fourier and Fourier-Stieltjes algebras of G introduced by Eymard [4] . Let M(A(G)) denote the multiplier algebra of A(G). Then we have the following inclusions
A(G) ⊆ B(G) ⊆ M(A(G))
and v A(G) = v B(G) ≥ v M for all v ∈ A(G). It is known that if G is amenable, then B(G) = M(A(G)) isometrically. Moreover, it is known from Losert [11] that G is amenable, or equivalently A(G) has a bounded approximate identity, whenever the norms · B(G) and · M are equivalent on A(G). As in the group case, the Fourier space A(H) of a locally compact hypergroup H, plays an important role in the harmonic analysis. A class of hypergroups, called tensor hypergroups, whose Fourier space forms a Banach algebra under pointwise multiplication first appeared in [2] . Another class, called ultraspherical hypergroups, was studied by Muruganandam [15] . In this work, we study ultraspherical hypergroups through multipliers of A(H), denoted M(A(H)).
Let A be a Banach algebra, and let X and Y be two right Banach A-modules. Suppose that B A (X, Y ) is the Banach space of bounded right A-module maps with the operator norm denoted by · M . In recent years, people have become interested in studying the properties of B A (X, Y ) for various classes of Banach algebras A and right Banach A-modules X and Y ; see for example [5, 6, 7, 13] .
In this paper, for a left Banach A-submodule X of A * we study B A (A, X * )
as a dual Banach space, paying special attention to the Fourier algebra A(H) of an ultraspherical hypergroup H associated to a locally compact group G. In Section 2, for a left Banach A-submodule X of A * , we show that B A (A, X * ) is a dual Banach space with predual Q X , where Q X denote the norm closure of the linear span of the set {af : a ∈ A, f ∈ X} in B A (A, X * ) * . We will obtain a characterization of Q X .
In Section 3, we apply these results to Fourier algebra A(H) of an ultraspherical hypergroup H. For the case of X = C predual of B A(H) (A(H), C δ (H) * ). These results generalize some results of [13] to ultraspherical hypergroups.
In Section 4, we shall define and study UCB( H), called uniformly continuous functionals on A(H). We will focus in the relationship between UCB( H) and other subspaces of V N(H). We extend various results of [9] to the context of ultraspherical hypergroups. For example, we prove that H is discrete if and only if UCB( H) = C * λ (H).
2 The dual Banach space B A (A, X * ) Let A be a Banach algebra, and let X and Y be right and left Banach A-modules, respectively. The A-module tensor product of X and Y is the quotient space X ⊗ A Y = (X ⊗Y )/N, where
and · denotes the closed linear span. It was shown in [16] that
Let X be a left Banach A-submodule of A * . In this section we show that B A (A, X * ) is a dual Banach space and characterize its predual in terms of elements in A and X. For every a ∈ A and f ∈ X, define the bounded linear functional af on B A (A, X * ) as follows:
Moreover, it is easy to see that af M ≤ a f X . Now, we denote the linear span of the set {af : a ∈ A, f ∈ X} by AX and define Q X to be the norm closure of AX in B A (A, X * ) * .
Theorem 2.1. Let A be a Banach algebra and let X be a left Banach A-
is clear that J is well defined and J ≤ 1. As B(A, X * ) = (A ⊗X) * , we have the adjoint operator
Therefore, J * is a surjective isometry.
Theorem 2.2. Let A be a Banach algebra and let X be a left Banach Asubmodule of A * . Suppose that f ∈ B A (A, X * ). Then f ∈ Q X if and only if there are sequences (a i ) ⊆ A and (f i ) ⊆ X with
Proof. By definition, each element of the form
For the converse, let I : A ⊗ A X → Q X be defined by
Then it is routine to check that I is well defined and I ≤ 1. In fact, if
Hence, I is well defined by duality.
We know from Theorem 2.1 that 
, which implies that f M = ξ . Now, as a consequence of the definition of quotient norm, there exist sequences
, as required. This completes the proof.
Suppose that X is a left Banach A-module. Then X * is a right Banach A-module with the following module action
By the above notions it is not hard to see that, if X is a left Banach Asubmodule of A * , then the map
Moreover, the adjoint map ι * : B A (A, X * ) * → X * * is simply the restriction map, say R and for every a ∈ A, f ∈ X and m ∈ X * we have For every a ∈ A we can regard a as a functional on X. It follows that the map
Define Q X to be the range of the linear map Γ : A ⊗X → A * defined by Γ(a ⊗ f ) = a · f . Then Q X is a Banach space when equipped with the quotient norm from A ⊗X. Moreover, f ∈ Q X if and only if there are sequences
Hence, A separates the points of Q X . Now, define Λ :
If a ∈ A is arbitrary, then for each sequences (a i ) ⊆ A and
From this and the fact that A separates the points of Q X , we get that Λ is an isomorphism. Also, by Theorem 2.2 it is an isometry. Conversely, let Q X be isometrically isomorphic to Q X . Then A separates the points of Q X , which implies that
The multiplier algebra M (A(H)) and amenability
A bounded linear operator on commutative Banach algebra A is called a multiplier if it satisfies aT (b) = T (ab) for all a, b ∈ A. We denote by M(A) the space of all multipliers for A. Clearly M(A) is a Banach algebra as a subalgebra of B(A) and M(A) = B A (A). For the general theory of multipliers we refer to Larsen [8] . It is known that for a semisimple commutative Banach algebra A every T ∈ M(A) can be identified uniquely with a bounded continuous function T on ∆(A), the maximal ideal space of A. Moreover, if we denote by M(A) the normed algebra of all bounded continuous functions ϕ on
Let H be an ultraspherical hypergroup associated to a locally compact group G and a spherical projector π : C c (G) → C c (G) which was introduced and studied in [15] . Let A(H) denote the Fourier algebra corresponding to the hypergroup H. A left Haar measure on H is given by
, where p : G → H is the quotient map. The Fourier space A(H) is an algebra and is isometrically isomorphic to the subalgebra 
This can be extended to
which is called the reduced C * -algebra of H. The von Neumann algebra generated by {λ(ẋ) :ẋ ∈ H} is called the von Neumann algebra of H, and is denoted by V N(H). Note that V N(H) is isometrically isomorphic to the dual of A(H). Moreover, A(H) can be considered as an ideal of B λ (H), where
we obtain
Proof. Since A(H) is commutative and semisimple, it suffices to show that
Conversely, assume that u ∈ A(H) has compact support. By regularity of A(H), there exists v ∈ A(H) such that v(x) = 1 for x ∈ supp(u). Thus, for each T ∈ B A(H) (A(H), B λ (H)), we have
Since A(H) is an ideal in B λ (H), we conclude that T (u) ∈ A(H). Moreover, since the set of compactly supported elements in A(H) is dense in A(H), a simple approximation argument shows that T (u) ∈ A(H) for all u ∈ A(H). Therefore, T ∈ M(A(H)) as required.
Let H ba an ultraspherical hypergroup and let
Next we prove that M(A(H)) is a dual Banach space for any ultraspherical hypergroup H .
Proof. Suppose that f ∈ C c (H). Using the regularity of A(H), there exists u ∈ A(H) such that u| supp(f ) ≡ 1. Thus, f = uf is in Q C * λ (H) and uf, φ = f, φ = H f (ẋ)φ(ẋ)dẋ for all φ ∈ M(A(H)). Therefore, there is an isometry between the dense subspace of Q C * λ (H) and a dense subspace of (L 1 (H), · M ). This shows that Q C * λ (H) is the completion of L 1 (H) with respect to the norm · M . 
Let K ⊆ H be compact. Then the set {λ(ˇẋf ) :ẋ ∈ K} form a compact subset of C * λ (H), where the functionˇẋf on H is defined byˇẋf (ẏ) = f (ẋ * ẏ) for allẏ ∈ H. Since u α → 1 in the σ(B λ (H), C * λ (H))-topology and the net (u α ) is bounded in B λ (H), the convergence is uniform on compact subsets of C * λ (H). Hence,
uniformly on K, whereǔ α (ẋ) = u α (x) for allẋ ∈ H, and noticing thať u α ∈ B λ (H) by [14, Remark 2.9] . Again choose f in C c (H) with f ≥ 0 and f 1 = 1 and put
In fact, if we put K = supp(f )ˇ * supp(u), then for eachẋ ∈ supp(u) we have 
(ii) G is amenable if and only if for any f ∈ C * λ (H) and ǫ > 0 there exist sequences
Proof. (i). It is an immediate consequence of Theorem 2.2.
(ii). It follows from (i) that the condition of (ii) is equivalent to C * λ (H) = Q(H) (equivalently, B λ (H) = M(A(H))). However this is equivalent to G being amenable by Lemma 3.4. Proposition 3.6. Let H be an ultraspherical hypergroup and let X be a Banach A(H)-submodule of V N(H) with C *
Proof. Let u ∈ A(H) and φ ∈ B λ (H). Then φu ∈ A(H) ⊆ V N(H)
* . Thus φu ∈ X * . From this and the fact that C * λ (H) ⊆ X, we get that
Let H be an ultraspherical hypergroup. We say that H has the approximation property if there is a net (u α ) ⊆ A(H) such that u α w *
→ 1 in M(A(H)), i.e. in σ(M(A(H)), Q(H))-topology.
For an ultraspherical hypergroup H, we put
Proposition 3.7. Let H be an ultraspherical hypergroup. Then A(H) is w * -dense in M(A(H)) if and only if H has the approximation property.
Proof. We know that 1 ∈ M(A(H)). Therefore, if A(H) is w * -dense in
. Hence H has the approximation property. For the converse, assume that H has the approximation property. Since L 1 (H) is dense in Q(H), a simple approximation argument shows that φf ∈ Q(H) for all φ ∈ M(A(H)) and f ∈ Q(H). Now, if there exists a net
Consequently, φ is w * -limit of the net (u α φ) ⊆ A(H). Hence, A(H)
In what follows, for an ultraspherical hypergroup H, we put 
with respect to the norm
Proof. (i). If φ ∈ M(A(H)) and ψ ∈ A(H)
w *
, then there exists a net (u α ) ⊆ A(H) such that u α w * − → ψ. By the same argument as used in the proof of Proposition 3.7 and using the fact that (u α φ) ⊆ A(H), it is straightforward to conclude that φψ ∈ A(H)
is an ideal of M(A(H)).
(ii). As an immediate consequence of the Hahn-Banach theorem the identity map I : 
for all f ∈ Q(H). Consequently, ψ ∈ A(H) 
Proof. (i). Let
By an argument used in the proof of Proposition 3.8, we conclude that the identity map I : A(H)
* is surjective. It follows that A(H)
(ii). Let · A(H) and · M be equivalent on A(H). We first show that the norm on B λ (H) is equivalent to the multiplier norm. Let i : A(H) → M(A(H)) be the inclusion map. Then i is bounded and has · M -closed range. It follows from [12, Theorem 3.
we conclude that the · B λ (H) -norm and the multiplier norm are equivalent on B λ (H). Therefore, R is surjective by Proposition 2.3. Conversely, suppose that R is surjective. Then it follows from Proposition 2.3 that the norms · B λ (H) and · M are equivalent on B λ (H) and hence on A(H).
(iii). Suppose first that G is amenable. Then A(H) has a bounded approximate identity by [1, Theorem 4.4] . It follows easily that the norms · A(H) and · M are equivalent on A(H). Conversely, assume that the norms · A(H) and · M are equivalent on A(H). If A(H) is w * -dense in M(A(H)), then by (i) and (ii) the restriction map is bijective. It follows that Q(H) is isometrically isomorphic to C * λ (H), which implies that 1 ∈ M (A(H)) = B λ (H) . Therefore, G is amenable by Theorem 3.4. 
Proposition 3.11. Let H be an ultraspherical hypergroup on locally compact group G. Then the following hold.
is equal to the completion of ℓ 1 (H) with respect to the norm
, and the corresponding inclusion map is contractive.
Observe next that if u ∈ A(H),ẋ ∈ H and v ∈ A(H)∩C c (H) with v(ẋ) = 1, then
This shows that φ = Tφ.
(ii). Since C δ (H) is a Banach A(H)-submodule of V N(H), it follows from Theorem 2.1 that
Let f ∈ ℓ 1 (H) be with finite support. Then f = uf ∈ Q C δ (H) , where
Hence, there is an isometry between the dense subspace of ℓ 1 (H) · M and a dense subspace of Q C δ (H) . Therefore,
that φu ∈ C δ (H) * for all φ ∈ M(A(H)) and u ∈ A(H). This implies that
Hence, the inclusion map is contractive.
Introverted subspaces of V N (H) and discreteness
Let H be an ultraspherical hypergroup associated to a locally compact group G. The Arens product on V N(H) * is defined as following three steps. For
V N(H) and m ⊙ n ∈ V N(H) * as follows:
A linear subspace X of V N(H) is called topologically invariant if u · X ⊆ X for all u ∈ A(H). The topologically invariant subspace X of V N(H) is called topologically introverted if m · T ∈ X for all m ∈ X * and T ∈ X.
In this case, X * is a Banach algebra with the multiplication induced by the
The elements in UCB( H) are called uniformly continuous functionals on A(H).
We also recall that, subspaces W ( H) and UCB( H) of V N(H) are both topologically introverted.
This map is continuous when B λ (H) has the σ(B λ (H), C * λ (H))-topology and V N(H) has the weak topology. Indeed, let Ψ ∈ V N(H)
Hence,
It follows that the set {φ · λ(f ) : φ ∈ B λ (H), φ ≤ 1} is relatively compact in the weak topology of V N(H). The rest of the proof follows from the fact that A(H) ⊆ B λ (H).
Proof. Let f ∈ C c (H). By regularity of A(H), there exists u ∈ A(H) such that u| supp(f ) ≡ 1. Therefore,
Let X be a closed topologically invariant subspace of V N(H) containing λ(ė). Then m ∈ X * is called a topologically invariant mean on X if:
(ii) m, u · T = u(ė) m, T for all T ∈ X and u ∈ A(H). We denote by T IM(X) the set of all topologically invariant means on X. We also recall from Remark 3.1 that the space C * 
Conversely, assume that λ(ė) ∈ C * λ (H), and m denote the unique topologically invariant mean on W ( H). Then m, λ(ė) = 1. It follows that H must be discrete by [17, Hence, R is surjective. Hence, 1ẋ · T = T, 1ẋ λ(ẋ) ∈ C * λ (H). Let u ∈ A(H). Since A(H) ∩ C c (H) is dense in A(H), we can suppose that u has compact and hence finite support. Thus, u is a finite linear combination of characteristic functions on one point sets. Therefore, u · T ∈ C * λ (H). It follows from Proposition 4.2 that UCB( H) = C * λ (H). Following we show that the same is also true for an ultraspherical hypergroup H.
